Abstract. We show that there are isometrically nonequivalent RobertsonWalker metrics which have the same set of geodesics. While one of these metrics satisfies the Einstein equations of pure dust without a cosmoological constant, all the other describe pure dust with additional energy momentum tensor of cosmological constant type. Since each of these metrics have the same geodesics it is not clear how to distinguish experimentally between the Universes whose energy momentum tensor includes or not the cosmological constant type term.
Proof. It is well known [1, 2, 3, 4, 5, 6 ] that two metrics g andg have the same unparametrized geodesics if and only if their respective Levi-Civita connections ∇ and∇ are related via:
∀X, Y ∈ TM with some 1-form A on M . For our pourposes it is convenient to describe a Levi-Civita connection ∇ of a metric g = g µν θ µ θ ν in terms of the connection 1-forms Γ µ ν associated to the coframe θ µ via:
ν . In particular we have Γ µν = g(X µ , ∇X ν ), where X µ is a frame dual to θ ν , X µ− | θ ν = δ ν µ . In terms of the connection 1-forms the two connections∇ and ∇ have the same unparametrised geodesics iff there exists a coframe θ and a 1-form A = A µ θ µ on M , such that the corresponding connection 1-formsΓ µ ν and Γ µ ν are related via:
in this coframe 1 . Thus to proof the theorem it is enough to find a common coframe and A such that the Levi-Civita connection 1-forms for metrics (1) and (3) satisfy (4) with some A.
It turns out that such a coframe is given by (2) . Calculating the Levi-Civita connection 1-forms Γ µ ν for g as in (1) in this coframe we find that
Calculations ofΓ µ ν for (3) in this coframe gives: 
Now we assume that the metric g satisfies the Einstein equations
where T µν = ρu µ u ν is the energy-momentum tensor of pure dust with energy density ρ and the 4-velocity u = u µ X µ , orthogonal to the hypersurfaces t = const. This in particular means that in the frame X µ dual to the coframe (2) we have
so that the Einstein equations (7) are:
Each solution to these equations satisfies the Friedmann equation
with a constant M = 4 3 πρR 3 . From now on we assume the equations (8)-(9) to be satisfied.
Thus we have a Friedmann-Robertson-Walker Universe (M, g) filled with the comoving dust with 4-velocity u.
Now if we forget about the parametrization of geodesics in this Universe, and would like to reconstruct the metric from the analysys of unparametrized geodesics we would equally use any metricg with whathever value of the parameter s. But if we decided to use a metricg with s = 0 we would noticed that now our Universe satsifies quite a different Einstein equations than these in (7). This is because of the folllowing line of arguments:
The vector field u is not anymore a unit vector field in the metricg. Actuallỹ g(u, u) = − 1 (1−sR 2 ) 2 . So obviously we can not use u as the 4-velocity of the fluid in the metricg. Instead of u we now take a rescalled vector field
which at each point is in the direction of u and has a unit norm,g(ũ,ũ) = −1, in the metricg. Surprisinglyg with suchũ satisfies the Einstein equations with energy momentum tensor being a sum of the energy momentum tensor of a dust moving alongũ and the energy momentum of the cosmological constant type
µν . More precisely we have the following theorem. Theorem 0.4. Consider Robertson-Walker metrics g as in (1) andg as in (3) . If g satisfies the Friedmann equations (8)-(9) for the pure dust moving with the 4-velocity u in M , and having the energy density in the comoving frame equal to ρ, then the metricg, which in M has the same unparametrized geodesics as g, satisfies the Einstein equations (10)Ẽ µν +Λg µν = 8πGT µν for a pure dust,T µν =ρũ µũν , with 4-velocityũ = (1 − sR 2 )u, the energy densitỹ
and the cosmological 'constant'
Proof. We use Proposition 0.3. According to it the nonvanishing components of the Einstein equations (10) are the diagonal ones: {00} and {ij}. The {00} component gives: E 00 − 3sκ −Λ = 8πGρ, and the {ij} components give:
Inserting in these equations the values of E 00 and E ij from (8) we get:
Now we insert the value ofR from the second equation (8) and the value ofṘ from the Friedman equation (9) in the second equation (12). After a simple algebra this proves the formula (11) forΛ. Inserting this in the first of equations (12) proves the formula forρ. This finishes the proof.
Using this theorem we address the following issue:
Remark 0.5. Since the measurments in cosmology are based on observations of photons, other elementary particles, or massive bodies, and since all of them move along geodesics, it is not clear why, based only on observations of geodesics, astronomers, decide to use the Robertson-Walker metric g to interpret their data. According to our analysis they can equally use any metricg with any value of the parameter s, because in all of these metrics the geodesics look the same: whatever choice of s ing we make the Universe is always identified with the same manifold M , and the geodesics, i.e. the trajectories of all particles and massive bodies, are the same for all of these choices. But if we accept that we can use the metricsg with s = 0 and s = 0 on equal footing, we encounter the problem what is really the energy content of the Universe. In particular the celebrated notion of the dark energy becomes meaningless in such case: the dark energy content is absent in the metricg with s = 0 and present in the metricg with s = 0.
